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Abstract
In hadron interactions at the LHC energies, the reflective scattering mode
starts to play a noticeable role which is expected to be even a more sig-
nificant beyond the energies of the LHC. This new but still arguable phe-
nomenon implies a peripheral dependence of the inelastic probability dis-
tribution in the impact parameter space and asymptotically evolving to the
black ring. As a consequence, the straightforward extension to hadrons of
the centrality definition adopted for nuclei needs to be modified.
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Hadrons are the extended objects, i.e. their formfactors are described by non-
trivial functions. Despite the hadrons have a smaller size compared to the nuclei,
one could expect similarity in hadrons’ and nuclei’s interactions, and observation
of collective phenomena in both cases is in favor of this similarity. Of course,
such a likeness occurs at the different energies in small and large systems1 de-
spite that hadronic matter distribution has a similar form in hadrons and nuclei.
Here the energy–dependent interaction dynamics plays a significant role. Inter-
est in the collective effects studies in both large and small systems is justified by
their relation to the dynamics of quark-gluon plasma formation [1]. In addition,
confinement of color in hadrons is also associated with collective, coherent inter-
actions of quarks and gluons.
The hadron scattering amplitude as well as the elastic and inelastic overlap
functions gets contributions associated with geometry and dynamics of a colli-
sion. The LHC experiments have led to discovery of collective effects in small
systems [2] (for comprehensive list of references to the experimental results of
ALICE, ATLAS, CMS and LHCb Collaborations see [3] and for a brief review —
[4]). A well known example is an observation of a ”ridge” effect in two–particle
correlations in pp-collisions in the events with high multiplicities [5,6]. To reveal
the dynamics of a collective state formation one needs to answer the question:
what are the impact parameter values responsible for such events? To answer it
one needs to be able to reconstruct these values from the experimental observables
since the impact parameter is not measurable directly. Thus, definition of central-
ity representing the collision geometry becomes a crucial issue in small systems
studies also.
The reflective scattering mode leads to formation of a peripheral impact pa-
rameter dependence of the inelastic interactions probability because of unitarity.
This mode significantly affects collisions with small impact parameters suppress-
ing production of secondary particles in such collisions and hence it is important
for assignment of a correct value of the impact parameter for particular hadron
collision events.
Emergent ring-like dependence of the inelastic overlap function can be associ-
ated with the effect of self–dumping intermediate inelastic channels contributions
at the LHC energies. Such self-dumping can arise as a result of a randomization
of the phases of multiparticle production amplitudes. This randomization in its
turn can be considered as a consequence of the color–conducting collective state
of hadronic matter formation under the central over impact parameter hadron col-
lisions (with high multiplicities) since a subsequent stochastic decay of this state
and hadronization into the multiparticle final states takes place. This is just the
1Results of experimental studies of nuclear interactions at RHIC and hadron interactions at the
LHC are in favor of such conclusion
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energy range where reflective scattering is most significant and where peripheral
form of the inelastic overlap function should be accounted.
Here we discuss how to improve definition of centrality for small systems (pp-
interactions) if appropriate and the role of the reflective mode at the LHC energy
range and beyond.
The centrality is a commonly accepted variable for description and classifica-
tion of the collision events in the nuclei interactions. This variable is related to
the assumed initial–state collision geometry and is given by an impact parameter
value associated with the general geometrical characteristics of a particular colli-
sion event.We suppose that meaning of centrality for hadron collisions can be used
in the same way as it is applied in the case of nuclei– nuclei and hadron–nuclei
collisions.
In the experiments with nuclei (including hadron-nucleus reactions) (see [7]
and [8]), the centrality cAb is extracted from either number of charged particles
registered in the respective detector or the transverse energy deposed into the
calorimeter. Those quantities ( both denoted by n) are relevant to experimen-
tally measurable quantity cA also called centrality. Superscript A means nuclear
collisions while superscript h denotes pure hadron collisions. The definitions of
cAb [7] is
cAb ≡
σbinel
σinel
, (1)
where
σbinel =
∫ b
0
PAinel(b
′)2pib′db
and PAinel(b) is probability distribution of the inelastic collisions over the impact
parameter b, whereas the experimentally measurable quantity
cA(n) ≡
∫ ∞
n
PA(n′)dn′, (2)
where PA(n′) is the probability for the quantity n have the value n′. is based on
distribution over the multiplicity or the total transverse energy of the final state [7].
It should be noted that the energy dependence of the above quantities is tacitly
implied and not indicated explicitly. The energy dependence, however, can be a
nontrivial one in the collisions of nuclei as well as of hadrons, since size of inter-
action region, probabilities of interactions, multiplicities and transverse energies
are the energy–dependent quantities in both cases. Evidently, the effects related to
the energy dependence of all these quantities should be taken into account under
analysis of the experimental data with the same values of centrality but measured
at the different energies.
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In view of the prominent collective effects observed in small systems, such as
pp-collisions, together with indication on the reflective scattering mode presence
at the LHC, an introduction of centrality notion accounting these phenomena is
necessary to classify the events of interest.
The hadron scattering has similarities as well as differences with the scattering
of nuclei. Geometrically, hadrons are the extended objects too, but a rather signif-
icant contribution to pp–interactions is provided by the elastic scattering with the
ratio of elastic to total cross-sections σel(s)/σtot(s) increasing with energy. The
elastic scattering of nuclei is not so important at high energies since nucleons are
not confined in nuclei. Hence, the geometrical characteristics of hadron collisions
related to the elastic scattering are essential for the hadron dynamics understand-
ing, i.e. for the development of QCD in the soft region where the confinement and
collective effects play a crucial role.
It will be argued further that the definition of centrality based on the use of a
straightforward analogy with nuclei interactions is not suitable for the hadrons at
the energies where the reflective scattering gives a significant contribution. To ob-
tain a relevant definition, we propose to use a full probability distribution P htot(s, b)
in order to take into account the elastic events. The neglect of the elastic events
would lead to incorrect estimation of centrality for the hadron collision. For the
centrality chb (s, b) the following definition is suggested
chb (s, b) ≡
σbtot(s)
σtot(s)
, (3)
where
σbtot(s) = 8pi
∫ b
0
Imf(s, b′)b′db′
is the impact–parameter dependent cumulative contribution into the total cross–
section, σbtot(s) → σtot(s) at b → ∞. In Eq. (3) the total (elastic plus inelastic)
contribution replacing the inelastic cross–section only were used.
It should be noted, that there is no problems with definition of centrality in the
form of Eq. (1) in case of hadron scattering at the energies where the reflecting
scattering mode is not present, but its possible presence at higher energies would
change form of an inelastic overlap function hinel(s, b) from a central to peripheral
one with maximum at b 6= 0. Therefore, Eq. (1) for centrality in this case needs
to be modified. The use of centrality in this form will not correctly represent an
impact parameter dependence and reflect collision geometry.
Contrary to the inelastic overlap function hinel(s, b) , the function Imf(s, b)
always and at the LHC energies, in particular, has a central impact parameter
profile with a maximum located at b = 0 [10]. The paper [10] indicates that
Imf(s, b) > 1/2 at b = 0. The amplitude f(s, b) is the Fourier–Bessel transform
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of the scattering amplitude F (s, t):
F (s, t) =
s
pi2
∫ ∞
0
bdbf(s, b)J0(b
√−t). (4)
The definition Eq. (3) can be inverted, namely, one can consider centrality as an
observable measured in hadron collisions. Eq. (3) then can be used for restoration
of the elastic scattering amplitude. More specifically, the function Imf(s, b) can
be calculated, if the impact parameter dependence of chb (s, b) is experimentally
known. The inverted relation corresponding to Eq. (3) written in the differential
form gives:
Imf(s, b) =
σtot(s)
8pib
∂chb (s, b)
∂b
(5)
and, as it was said above, could be instrumental for the reconstruction of Imf(s, b)
from the inelastic collisions. However, a practical feasibility of such reconstruc-
tion needs further studies.
The impact parameter representation provides a simple semiclassical picture
of hadron scattering, e.g. head–on or central collisions correspond to small impact
parameter values. From Eq. (5) one can easily get the inequality
0 ≤ ∂c
h
b (s, b)
∂b
≤ 8pib
σtot(s)
(6)
or in the integral form
0 ≤ chb (s, b) ≤
4pib2
σtot(s)
(7)
for b ≤ r(s), r(s) ∼ 1/µ ln s, where S(s, b = r(s)) = 0, s > sr and µ is
determined by mass of pion.
Reflective scattering mode appears in the unitarization scheme representing
scattering amplitude f(s, b) in the rational form (one-to-one transform). It allows
amplitude variation in the whole region allowed by unitarity [11]. Respective form
of the function S(s, b) is written as a Cayley transform2 :
S(s, b) =
1− U(s, b)
1 + U(s, b)
. (8)
The real, nonnegative function U(s, b) can be considered as an input amplitude
which is subject to further unitarization procedure. This function gets contribution
from all inelastic channels, elastic channel does not contribute into the function
2This one-to-one transform maps upper half– plane into a unit circle in case when U and S both
are complex functions and the value of the function S = 0 is reached at finite values of energy and
impact parameter.
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U . The multi-Reggeon processes where small groups of particles are separated by
large rapidity gaps discussed in [13] also contribute to the the function U . Using
connection of the direct and annihilation channels of reaction by means of U , i.e.
U → U˜ , discussed in (cf. [11] and references therein) allows one, in principle, to
solve the problem with unitarity3 described in [13]. Moreover, we adhere here to
the point of view described in [14] that the power-like contribution (which is here
a sum of terms each of them is proportional to (ln s)n, where n here stands for a
number of particles ai in the process:
p+ p→ p+ a1 + a2 + ...+ an + p)
of such exclusive processes should be included into the potential or the function
U and, therefore, not be considered as a violation of the Froissart–Martin bound
or unitarity. Instead, such rising fast with energy contribution emphasizes the
necessity for the utilization of the unitarization scheme for obtaining the elastic
scattering amplitude. What has been said above is valid for the amplitudes of
exclusive production processes. Of course, the amplitudes of such processes need
separate treatment, but the situation as a whole is similar to the one when Pomeron
has intercept greater than unity and therefore unitarization is needed.
Thus, the various models provide a monotonically increasing energy depen-
dence of the function U(s, b) (e.g. power-like one) and its exponential decrease
with the impact parameter (due to analyticity in the Lehmann-Martin ellipse).
The value of the energy corresponding to a complete absorption of the initial state
at the central collisions S(s, b)|b=0 = 0 is denoted as sr and determined by the
equation U(sr, b)|b=0 = 14. Beyond this energy the function S(s, b)|b=0 becomes
negative and reflective scattering mode appears.
Finally, we discuss the energy dependence of centrality. A wide class of the
geometrical models for hadron interactions (relevant for the centrality discussion
in these processes) allows one to assume thatU(s, b) has a factorized form (cf. [16]
and references therein):
U(s, b) = g(s)ω(b), (9)
where g(s) ∼ sλ at the large values of s, and the power dependence guarantees
asymptotic growth of the total cross–section σtot ∼ ln2 s. Such a factorized form
corresponds to a common source for the increase with energy of the total cross–
sections and the slope of the diffraction cone in elastic scattering due to unita-
rization [16]. The particular form of the function ω(b) ∼ exp(−µb) is consistent
with analytical properties of the scattering amplitude. Such form of ω(b) can also
3The issue is relevant also to the energy dependence of the gap survival probability. Modifica-
tion of the gap survival probability definition for the case of reflective scattering has been proposed
in [12]
4The old (pre–LHC) numerical estimates of sr have given for its value
√
sr = 2−3 TeV [15].
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be related to a picture of a convolution of the two energy–independent hadron
pionic-type matter distributions (cf. Fig. 1, it illustrates notion of centrality in
hadron scattering) in transverse plane:
ω(b) ∼ D1 ⊗D2 ≡
∫
db1D1(b1)D2(b− b1). (10)
b
Figure 1: Schematic view of hadron scattering with the impact parameter b in the
geometric models (cf. e. g. [17–20]) .
A weak energy dependence of centrality allows one to use it as a parameter un-
der the data analysis at not too different energies in the hadron reactions. Indeed,
asymptotically, the centrality chb (s, b), defined according to Eq. (3), decreases
with energy slowly, like 1/ ln2(s) at fixed impact parameter values. Unitariza-
tion leads to its dependence ∼ b2/ ln2(s) since f(s, b) saturates unitarity limit,
i.e. f(s, b) → 1 , at s → ∞. Such slow energy decrease of centrality allows
one to compare the data at different energies and approximately the same value of
centrality provided the energy values are high enough and not too much different.
Contrary, a strong energy dependence of centrality (∼ 1/sλ ln s at s → ∞ and
fixed values of b) takes place if it is defined through Eq. (1). It would make dif-
ficult a comparison of the data obtained at the same values of centrality and even
not too different energy values.
Now we would like to comment on the experimental possibility of centrality
measurements in hadron collisions. For that purpose using transverse energy de-
posited in a calorimeter seems to be a rather universal method since it includes the
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case of unitarity saturation, i.e. it is supposed to determine centrality ch as a ratio
of the transverse energy of the particular event EiT to the total transverse energy
of all events including elastic ones
∑
iE
i
T , i.e.
EiT/
∑
i
EiT .
ATLAS and CMS experiments at the LHC are using transverse energy mea-
surements in particular events for the centrality determination in collisions of nu-
clei. Experimental feasibility of the similar measurements for hadrons seems to
be real. Under the discussion of centrality measurements in hadron collisions one
should keep in mind a modification of centrality definition related to the essential
role of elastic scattering component and the emergent black ring in the inelastic
collisions’ probability distribution over impact parameter.
Conclusion
The b-dependent differential quantities such as centrality are more sensitive to the
geometry of hadrons and their interaction dynamics than the quantities overin-
tegrated over impact parameter. Centrality extracted from the experimental data
can be used for the elastic scattering amplitude (its imaginary part) reconstruction
in the impact parameter space according to Eq. (5). This relation of centrality
with a b-space elastic amplitude is similar to the relation given by the optical the-
orem (it relates the elastic scattering amplitude with properties of all the collisions
including elastic and inelastic ones).
We conclude with notion that centrality is sensitive to a geometry of hadron
interactions and an energy–dependent hadron interaction dynamics as well.
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